According to Eq. (4.28), these satisfy the algebra
{ﬁuaﬁ/u} = 25u1/ ; ’72: = ﬁ/u . (436)

We also define R ~

Thereby Eq. (4.34) can be written in the simple form
Lg= J’Huéu + m]d) ) (4-38)

and the partition function becomes

_ B
z= /&(ﬁ,x):ﬂ;,(oyx) Di(7,x)Dy(7, %) exp{—/0 dr /ddxﬁE} , (4.39)

Y(B,x)=—1(0,%)

where we have substituted integration variables from ¥ to zZJ, and set again h — 1. It is important
to keep in mind that in the path integral formulation, ¥ and i are independent integration variables.

In order to evaluate Z, it is useful to go to Fourier space, like with the scalar fields. We write

v = Y P iP) @) =Y PP (1.40)
P

The anti-periodicity in Eq. (4.39) requires that P be of the form

. Cf
P=(u,p), e’=-1, (4.41)
whereby the fermionic Matsubara frequencies become
f 1
wn:2ﬂ'T(n—|—§>, nez, (4.42)
i.e. wl = £aT,£37T,... . Note that anti-periodicity removes the Matsubara zero-mode from the

spectrum. Correspondingly, recalling the discussion in Sec. 3.8, it is clear that there are no infrared
problems associated with fermions!

In the Fourier representation, the exponent in Eq. (4.39) becomes

SE

/0 ar / A% () (3,0, + m]ip(x)
/m %é:i”‘@%@)mﬁu +mi(P)

= 5 S P+ mli(P) (4.43)
22

where we made use of Eq. (3.23), and defined P = ’yufj’#. In contrast to real scalar fields, all Fourier
modes are independent. Up to a constant, we can then also change the integration variables in
Eq. (4.39) to be the Fourier modes. Furthermore, we note that

/dc*dc e e = /dc*dc [—c*ac) =a, (4.44)

[de*deccr emcae [de*deect 1
= = - 4.45
[derdee—crac Jderde[—c*ac]  a’ (4.45)
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and recall that the generalizations to a multicomponent case read
/{H dcfdci} exp(—c;-kMijcj) = det(M) , (4.46)

f{HZ dc’{dci} CKC; exp (—c’{Mijcj)
J{IL; de;de; } exp(—c;-“Mijcj)

= (M Y. (4.47)

Armoured with this knowledge, we can now work out the partition function Z, as well as the
propagator, which is needed for computing perturbative corrections to the partition function. From
Egs. (4.39), (4.43), (4.46),

Z C ][ detli? + m]
P

f
1

C(H det (i +m] [ det[~iP + m]) ) (4.48)

f f

where C is some constant, and have we “replicated” the determinant and compensated for that by
taking the square root. The reason for the replication is that

[ +mll=ifp +m] =P P +m* = (P?+m*) L, (4.49)
where we made use of Eq. (4.36). Thereby
z= C(H det[(P? + m2)]l4x4]) P =L+ m?), (4.50)
P P

and the free energy density f(7T') becomes

. F . T
f(r) = lim — = lim <_VIHZ)

Vooo V V —oo

. T 52 2
_JEHOOV X 2§ID(P + m*) + const.
:

1. -
—4# 3 In(P? +m?) + const. , (4.51)
P

where we identified the sum-integration measure from Egs. (2.9), (2.55).

The following remarks are in order:

e the sum-integral appearing in Eq. (4.51) is similar to the bosonic one in Eq. (2.51), but
is preceded by a minus-sign, and contains fermionic Matsubara frequencies. These are the
characteristic properties of fermions.

e the factor 4 in Eq. (4.51) corresponds to the independent spin degrees of freedom contained
in a Dirac spinor.

e like for the scalar field theory in Eq. (2.51) (or Eq. (2.24)), there is a constant part in the
sum, independent of the energy (or mass). We will not specify it explicitly here; rather, there
will be an implicit specification in Sec. 4.3, where we relate generic fermionic thermal sums
to the already known bosonic ones.
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Finally, from Eqs. (4.43), (4.47), we find the propagator:

. (=i +mllap

(a(P) (@0 =3(P = Q)P +m1]} =5(P — Q)= (4.52)

Once interactions are added, they can be reduced to a product of propagators with the Wick
theorem in the same way as in Sec. 3.2 (remembering, though, that the Grassmann nature of the
Dirac fields produces a minus-sign in every commutation). Finally, we reiterate that taking m? — 0
in Eq. (4.52) does not lead to any divergences, because the denominator of a fermion propagator
can never vanish at finite temperature (cf. Eq. (4.42)), unlike that of a boson.

4.3. Fermionic thermal sums

Let us now consider the same problem as in Sec. 2.3, but with fermionic Matsubara frequencies:

Sp= TZ f(wn) - (4.53)
Wl

For clarity we also denote the sum in Eq. (2.29) by Sp from now on. We can write:

Si(T) = T[..+ f(=37T)+ f(==T) + f(aT) + ...]
= T[..+ f(=3aT)+ f(=27T) + f(—7T) + f(0) + f(nT) + f(2nT) + ...]
—T[...+ f(=2aT)+ f(0) + f(2nT) + ...]
— 2x %[ + f(—GF%) + f(—zh%) n f(—%%) +£(0) + f(%%) n f(%%) + }
—T[...+ f(=2aT)+ f(0) + f(2nT) + ..]]
- 2Sb(§) — Su(T) . (4.54)
Thereby all fermionic sums follow from the known bosonic ones!

To give an example, consider Eq. (2.34),

“+o0o Jrooin+
s = [ Frw+ [ L Uw+ fnlmln). (4.55)
Eq. (4.54) now implies
+oo —i—oo—iO+
s = [ Fro+ [ e+ e -] @

Thereby the zero-temperature part remains unchanged, while the finite-temperature part has the
new weight

2 1
20 (ip) = ;i) exp(2ipB) — 1 exp(ipB) — 1
_ 1 [ 2 B 1} _ 1 — exp(ipf)
exp(ipB) — 1 [exp(ipB) + 1 lexp(ipB) — 1)[exp(ipB3) + 1]
= —nGp), (4.57)

where np(p) = 1/[exp(Bp) + 1] is the Fermi-Dirac distribution function. In total, then, fermionic
sums can be converted to integrals according to

—+o00 Jrooin+
sty = [ o= [ LU+ A, (4.58)

—00 —oo0—i0F 2m
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4.4. Exercise 6

(a) Defining

Ji(m,T) = % i [111(152 +m?) — const. | , (4.59)
1
Ir(m,T) = i _— (4.60)
- P2 +m2
Py
and writing
Ji(m, T) = Jo(m) + J&(m) ,  Ii(m,T) = Iy(m) + I.(m) , (4.61)

find the general expressions for Ji(m), It.(m).

(b) Derive the low-temperature and the high-temperature expansions for J&(m), If.(m). Note
the absence of odd powers of m in the high-temperature expansions.

(c) Consider the fermionic version of Eq. (1.83),

eiwnT
f n

Wn

What is the explicit expression for G¢(7)?
Solution to Exercise 6
(a) We proceed according to Eq. (4.54). From Eq. (2.50),

Jb(m) = /Tln(l - e—ﬁEk) , (4.63)
k

so that

Jp(m) = /T[ln(1 - e*wEk) - 1n(1 _ e—m)}
k

_ /Tln(l +e—5Ek) . (4.64)
k
From Eq. (2.53),

/ LB, (4.65)

and then the same steps as in Eq. (4.57) lead to
/ —nr Ek (4.66)

(b) From Eq. (2.78), the low-temperature expansion for J? reads
%
m _m

JE(m) ~ —T4<m> e T . (4.67)

In Eq. (4.54), the first term is exponentially suppressed, and thus

3
m \2 _
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From Eq. (2.79), the low-temperature expansion for I% reads

SE

m

2(m) ~ r (%) e % (4.69)

Again the first term in Eq. (4.54) is exponentially suppressed, so that

3
T3/ m \? _m
£ Lt m —m
I (m) ~ — (27TT> e T (4.70)
From Eq. (2.81), the high-temperature expansion for Jr} reads
72Tt m2T? m3T m? mevE 3 m8¢(3)
Jb =— — — 1 - = — 4+ ... (471
r(m) 90 " T24 T T2r 240y [n< AnT > 4] T 3umre t (471)
According to Eq. (4.54), we then get
» 1 72T 1 m2T? m?T m? mere 3 8mS¢(3)
Ji _ _ - _ —9 1 —— +1In2 —_—
r(m) 800 T2 24  12r  “2(an) [n< 47TT> gt } * 3umire
2Tt m2T? m3T m? mev® 3 m5¢(3)
+ - + + In S . L
90 24 12 2(4m)? 4AxT 4 3(4m)AT?
7 72Tt mPT? m? mere 3 7mS¢(3)
= = — - | - = 4 ... 4.72
8 90 18 2(dm)? [n< 7T ) 4} T 3amire T (472)

We note that the cubic term indeed disappears from the difference. Finally, from Eq. (2.92),
the high-temperature expansion for I% reads
T mT 2m? { (me'yE> 1] 2m*((3)
n _Z

b _ 4 _mi = 2 4.
M =5 = G "M\ ) T2 e (473)

172 mT  4m? mevE 1 16m*¢(3)

f - - e A mey ST S\

Irtm) = 395~ 47 ~ {ane [m( 47TT> 2 an} e
T mT  2m? [ n(me'YE) 1 } _2m*((3)

2t T (47)2 4nT 2| (4m)iT?
T2  2m? e 1 14m*((3
- L _am In me —Z M (4.74)
24 (4m)? T 2 (4m)4T2
Again, the term odd in m has disappeared from the result.
According to Eq. (1.88),
) 8
etwnT 1 COSh |:(§ — 7') w:|
G = T = —
0 = T BT T ]
1 e(ﬁf‘r)w 4w 1
- - - = _ = (B—T)w Tu.)} 4
W — 2wnB(w) [e +e™v . (4.75)
Employing Eq. (4.54), we get
1 2 1
_ )4 281w Tw| (B—T)w TWw
Gilr) = 2w{62ﬁ“’—1[e te } eﬁw—l{e te ]}
1 1

- 92 (28—7)w 27w Bw 1 |: (B—7)w Tw:|}
2w(eﬁw—1)(eﬁ“’+1){e + 2e (e’ +1)|e +e

(eP* —1) [6(5_7)“’ - em}

1
— B-T)w _ Tw
2wnp(w) [e e } . (4.76)
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