Basics of Thermal Field Theory!

Mikko Laine

February 6, 2008

!Notes based on lectures delivered at the University of Bielefeld, Germany, during the summer semester
2004 and during the winter semester 2007-2008.



Contents

1 Quantum Mechanics . . . . . . ..o L Lo 1
1.1 Basic structure . . . . .. ..o 1
1.2 Canonical partition function . . . . . . . .. .. .. Lo oL 2
1.3 Path integral for the partition function. . . . . . . . ... ... ... .... 3
14 Evaluation of the path integral for harmonic oscillator . . . . . . .. .. .. 5
1.5 Exercise 1 . . . . . . oL 8
2 Free scalar fields . . . . . . . .. L 12
2.1 Path integral for the partition function. . . . . .. .. ... ... ... 12
2.2 Fourier representation . . . . . . . ... L Lo 13
2.3 Evaluation of thermal sums . . . . . . . ... ... ... ... ... ..., 15
2.4 Exercise 2 . . . . . . 18
2.5 Low-temperature expansion . . . . . . . . .. .. Lo o Lo 19
2.6 High-temperature expansion. . . . . . . . . . ... ... ... ... 22
2.7 Properties of the Euler gamma and Riemann zeta functions . . . . . . . .. 25
2.8 Exercise 3 . . . . . . 27
3 Interacting scalar fields . . . . . . . . ... o 28
3.1 Weak-coupling expansion . . . . . . .. ... Lo 29
3.2 Wick theorem . . . . . . . . . L L 30
3.3 Propagator . . .. ... oo 32
3.4 Naive free energy density to O(\): ultraviolet divergences . . . . . . .. .. 35
3.5 Naive free energy density to O(\?): infrared divergences . . . . . . ... .. 35
3.6 Exercise 4 . . . . . . 36
3.7 Proper free energy density to O(\): ultraviolet renormalization . . . . . . . 39
3.8 Proper free energy density to O(A? ): infrared resummation . . . . . . . . . 42



3.9 Exercise b . . . . . . e e e e e e e 44

Fermions. . . . . . . . L 46
4.1 Path integral for the partition function of a fermionic harmonic oscillator . 46
4.2 The Dirac field at finite temperature . . . . . . . . .. ... ... ... ... 49
4.3 Fermionic thermal sums . . . . . .. .. ... .. oo 52
44 Exercise 6 . . . . . .. L 53
Gauge fields . . . . . . . e 55
5.1 Path integral for the partition function. . . . . . . . . ... ... ... ... 56
5.2 Gauge fixing and ghosts . . . . . .. ... oo oo 60
5.3 Feynman rules for Euclidean continuum QCD . . . . . ... ... ... ... 61
5.4 Exercise 7 . . . . . . 63
5.0 Thermal gluon mass . . . . . . . . . . . . e 65
5.6 Free energy density to O(g3) . . . . . . .. ... 71
5.7 Exercise 8 . . . . . .o 74
Low-energy effective field theories . . . . . . . . ... ... ... 0oL 75
6.1 The infrared problem of thermal field theory . . . .. ... ... .. ... .. 75
6.2 A simple example of an effective field theory . . .. ... ... ... .... 76
6.3 Dimensionally reduced effective field theory for hot QCD . . . . ... ... 80
6.4 Exercise 9 . . . . . .o 83
Finite density . . . . . . . . . L 85
7.1 Complex scalar field with a finite chemical potential . . . . .. ... .. .. 86
7.2 Effective potential and Bose-Einstein condensation . . . . . .. . ... ... 88
7.3 Dirac fermion with a finite chemical potential . . . . . . . . ... ... ... 90
7.4 How about chemical potentials for gauge symmetries? . . . ... ... ... 91
7.5 Exercise 10 . . . . . . Lo 92
Real-time observables . . . . . . .. ... L L 94
8.1 Different Green’s functions . . . . .. . ... ... ... oL, 94
8.2 From Euclidean correlator to spectral function . . . . ... ... ... ... 104
8.3 Exercise 11 . . . . . . oL 108
8.4 Hard Thermal Loop effective theory . . . . ... ... ... ... ...... 110
8.5 Relation to classical kinetic theory . . . . . . ... .. ... ... ... .. 118
8.6 Exercise 12 . . . . . oL 123



10

Applications . . . . . . . . L 125

9.1 Thermal phase transitions . . . . . . . . ... ... .. 0 0L, 125
9.2 Bubble nucleationrate . . . . .. ..o L oo 131
9.3 Exercise 13 . . . . . . oL 137
9.4 Particle production rate . . . . .. ... L Lo oo 140
9.5 Dark matter abundance in cosmology . . . . . .. ... ... ... 145
9.6 Appendix: relativistic Boltzmann equation . . . . . .. .. ... ... ... 151
9.7 Transport coefficients . . . . . . . . . ... 152
Further reading . . . . . . . . . .. L 156



